Introduction
Let (X, ω) be a symplectic manifold of dimension 2n, and let L be an n-dimensional smooth manifold. Let L be the space of Lagrangian submanifolds of X that are diffeomorphic to L. We think of L as an infinite dimensional manifold. Assume L is compact and X is almost Calabi-Yau. Namely, X is a Kähler manifold equipped with a nonvanishing holomorphic form Ω of type (n, 0). We call a Lagrangian It is shown in [15] and [16] that Υ gives rise to a Levi-Civita connection and thus a corresponding notion of geodesics. The geodesic equation
can be seen to be a fully non-linear degenerate elliptic partial differential equation [13] . In the present work, we study the geodesic equation in a family of examples with a high degree of symmetry.
Let G be a Lie group that acts on X preserving ω and Ω. So G also acts on L + , and we denote by L For a fixed ǫ, the geodesic Λ is unique. Let (X, ω, Ω) be an almost Calabi-Yau manifold and let Γ ⊂ X be a Lagrangian submanifold. Denote by vol Γ the volume form induced on Γ by the Kähler metric associated to ω. It was shown in [9] that Ω| Γ = ρ vol Γ for ρ : Γ → C a non-vanishing smooth function. Following [9] , the Lagrangian Γ is called special if ρ has constant argument on Γ. Let O be a Hamiltonian isotopy class of positive Lagrangians in X. The main object of [15] is a functional C defined on the universal coverÕ → O, which is strictly convex along geodesics and which has a critical point over Γ ∈ O if and only if Γ is special Lagrangian. Thus the following is an immediate consequence of Theorem 1.2. A Riemannian metric is said to be strong if it induces an isomorphism between the tangent and cotangent bundles, and weak otherwise. As shown in [11] , the distance function induced by a strong Riemannian metric makes the manifold a metric space. However, the Riemannian metric Υ is weak, and hence the nature of the distance function it induces is a priori unknown. In [8] and [12] there are examples of weak Riemannian structures with respect to which the distance between any two points is 0. On the other hand, [2] and [3] provide examples of weak Riemannian metrics which induce metric space structures. In this context, we prove the following. The fact that (O, Υ) is isometric to a convex subset of L 2 should be considered in the following context. The curvature formula of [16] shows that a general Hamiltonian isotopy class of positive Lagrangians has non-positive curvature. However, (O, Υ) is atypical because of the O n (R) symmetry, and the curvature formula shows it is in fact flat.
So, it follows from a Jacobi field argument that the exponential map of (O, Υ) is a Riemannian isometry. In practice, we prove Theorem 1.4 more directly without using curvature.
As implied by Theorem 1.4, the metric space (O, Υ) is not complete. Thus, it would be of interest in future research to understand and characterize its completion. The completions of other weak Riemannian manifolds are explored in [4] , [5] and [6] .
In Sections 2. Let (X, ω) be a symplectic manifold of dimension 2n, L a smooth manifold of dimension n, and G the diffeomorphism group of L. Denote by X the space of Lagrangian embeddings of L in X i.e. all embeddings f : L → X with f * ω = 0, and note that G acts on X by
The space of Lagrangian submanifolds which are diffeomorphic to L is then defined to be the quotient
where as implied by the name of this space, we think of every equivalence class in it as a Lagrangian submanifold. Given a path Λ :
such that for every t, the image of Ψ(t) is Λ(t). The path Λ is then said to be smooth if it has a smooth lift.
Definition 2.1. Let Λ be a smooth path as above, and let Ψ be a smooth lift. The deformation vector field corresponding to Ψ at time t is the smooth section of the pullback bundle Ψ * t T X given by
The following lemma is proved in [1, Section 2]:
Lemma 2.2. Let Λ : (−ǫ, ǫ) → L be a smooth path, let Ψ be some lift of Λ, and let (v t ) denote the family of deformation vector fields
and then define a 1-form σ t on Λ(t) by
Then σ t is closed, and does not depend on the choice of the lift Ψ.
Furthermore, the map Λ → σ 0 yields an isomorphism of T Λ(0) L and the space of closed 1-forms on Λ(0).
The derivative of a path Λ at t is defined to be the closed 1-form σ t of Lemma 2.2. Λ is said to be exact if its derivative at t is an exact 1-form on Λ(t) for all t. 
and since Λ is a compact connected positive Lagrangian, the right hand side space can be identified with
This enables us to define a Riemannian metric Υ on O + by
In order to define geodesics, we need to describe the parallel transport that is induced by the Levi-Civita connection corresponding to Υ. Below we use the extension of the interior product defined in [15, Section 2]. The details are given explicitly in the following definition. 
Likewise, we say Ψ is horizontal if v t is intrinsically horizontal for
As shown in [15, Section 5] , given a path of positive Lagrangians as above, for every t there exists a unique intrinsically horizontal deformation vector field that corresponds to the path at time t. Given an initial embedding Ψ 0 : L → X whose image is Λ 0 , the embedding Ψ 0 can be extended uniquely to a horizontal lift Ψ of Λ. For every t we define a diffeomorphism
Note that ϕ t does not depend on the initial Ψ 0 (as long as Ψ is a horizontal lift). The parallel transport that corresponds to Υ is then given by
Knowing what the parallel transport looks like, we define geodesics in the usual manner. Namely, a path Λ as above is a geodesic if for all
Lagrangian spheres in Milnor fibers
3.1. The Milnor fiber. Let f be a complex polynomial in one variable whose zeros are all simple. For any positive integer n, the corresponding
Milnor fiber of dimension n is given by
As a complex submanifold of a Kähler manifold, M n is also Kähler with the induced metric and symplectic form from C n+1 . Define
Since all the zeros of f are simple, Ω is a well defined nonvanishing holomorphic (n, 0) form on M n , and (M n , Ω) is almost Calabi-Yau.
We now recall matching cycles over curves. Given a complex number
Note that if ζ is a zero of f , then σ Note that for any curve c as above, the matching cycle over c is O n (R) invariant. On the other hand, it can be seen that any O n (R)-invariant Lagrangian sphere in M n on which O n (R) does not act freely is a matching cycle over a curve. Thus S n is an infinite dimensional manifold.
Remark 3.2. Throughout this paper, we think of S 1 as the quotient R/2πZ. The reflection of R given by x → −x induces a well defined reflection of S 1 , which we denote by − :
For example, the equalities −(0) = 0, −π = π, hold in S 1 with our notation.
Definition 3.3.
A symmetric circle is an embedding γ :
Note that a symmetric circle satisfies z(0) = z(π) = 0.
The following fact will be used below.
Lemma 3.4. Let f : (−ǫ, ǫ) → R be smooth and satisfy
differentiable from the right at 0 and satisfies g
Lemma 3.5.
is a diffeomorphism, and so c is a regular curve with boundary ∂c = {ζ(0)}.
) be a symmetric circle. Then the set c = {ζ(u)|u ∈ S 1 } ⊂ C is a regular curve with boundary ∂c = {ζ(0), ζ(π)}.
Proof. We start with (a). At any (z, ζ) ∈ M 1 with z = 0 the projection (z, ζ) → ζ is a local diffeomorphism, and hence we only need to show regularity of η at 0. By assumption ζ is even, and thus η is infinitely differentiable from the right at 0, by Lemma 3.4. We need to verify that
and differentiating again,
Since
Since α is an embedding and ζ ′ (0) = 0, we conclude z ′ (0) = 0, and by the last equation η is indeed regular. Proposition 3.6. Let γ be a symmetric circle. Set
and
Then there is a unique map Ψ : S n → Λ n γ which satisfies Ψ • χ = ϕ, and it is a diffeomorphism.
Proof. Existence and uniqueness of Ψ follow from the universal property of quotient, and so does bijectivity. Both ϕ and χ are local diffeomorphisms at any (u, x) with u = 0, π. Hence Ψ is smooth and regular anywhere away from the two poles. Let D n stand for the open n-dimensional unit ball, and parametrize the north n-hemisphere by
We show that Ψ • Y is smooth and regular at y = 0. By assumption on γ, there is a smooth even nonvanishing function r :
and it follows that
The function y → r(arcsin |y|) can be written as The following is a basic observation which will be used later, in the proof of Theorem 1.2.
Lemma 3.7. Let γ be a symmetric circle, and i :
Proof. Let c = {ζ(u)|u ∈ S 1 } ⊂ C, and let P : Λ 1 γ → c be the projection. Since f • i is invariant under the O 1 (R) action, there is some
We claim that g is smooth. Since P has a smooth local inverse anywhere far away from the boundary of c, we only need to show smoothness of g at the endpoints. Let V ⊂ c be a small open neighborhood of ζ(0), and identify a small neighborhood of 0 ∈ S 1 with a real interval (−ǫ, ǫ). By Lemma 3.5 (a), the map 
Define n vector fields along i, X 1 , . . . , X n , as follows. For any u ∈ S
For j = 2, . . . , n, set
It is easy to verify that for j = 1, . . . , n, the vector field X j is tangent to Λ n γ and smooth. Since X 1 , . . . , X n , are linearly independent, they form a smooth frame of the pullback bundle i * T Λ n γ . Furthermore, as verified by a straightforward calculation, for u = 0, π, the tangent
, and the above construction can be used to obtain a basis of T p Λ n γ for any p ∈ Λ n γ .
As our main objective is Lagrangian geodesics, we need to characterize the circles γ whose corresponding Lagrangians Λ n γ lie in S n + , the space of positive Lagrangians in S n .
Lemma 3.9. Let γ be a symmetric circle. Then Λ n γ is a positive Lagrangian if and only if the two following conditions hold:
Proof. Using the frame given in Remark 3.8, a direct calculation shows that for u = 0, π
and for u = 0, π
It follows that conditions (a) and (b) are equivalent to Re Ω not van-
and Ω is SO n (R) invariant, the conditions are equivalent to Re Ω not vanishing anywhere on Λ n γ .
3.2. Lagrangian paths and horizontal lifts. As any symmetric circle γ has a corresponding Lagrangian n-sphere Λ n γ , a smooth family of symmetric circles (γ t ), with t varying along a real interval, gives rise to the Lagrangian path (Λ n γt ). The following is an important property of such paths.
In particular, every path in S n is exact.
Remark 3.11. It will be shown in the proof of Theorem 1.1 that for Λ ∈ S n + we have the equality
Proof of Proposition 3.10. Let (γ t :
family of symmetric circles with Λ n γ 0 = Λ, and for convenience let
Note that by definition of the derivative, the 1-form σ is O n (R) invariant, as the symplectic form ω is, and so is Λ n γt for every t. We claim that σ is exact. For n ≥ 2 it is immediate since σ is closed and Λ is simply connected. If n = 1, invariance under the nontrivial element in
and exactness follows.
We show O n (R) invariance of the primitive. Let τ be a volume form on Λ which satisfies
Since Λ is connected, it follows from the last equation that the two functions h • A and h differ by a constant. But
Our next goal is to understand horizontal lifts of paths in S n + .
Let (γ t ), t ∈ (−ǫ, ǫ), be a family of symmetric circles, and for every t let Ψ t : S n → Λ n γt be the diffeomorphism induced by γ t as in Proposition 3.6. Note that Ψ t is O n (R) equivariant. The map
n is a lift of the Lagrangian path (Λ n γt ). Let ξ t denote the deformation vector field corresponding to Ψ at time t.
Note that for t ∈ (−ǫ, ǫ) the pullback bundle Ψ *
Remark 3.13. When analyzing paths in S n , it is rather convenient to have a standard embedding of M 1 in M n . The letter I will be used below for the embedding
Note that I is an extension of the embedding i of Remark 3.8.
Proposition 3.14. Let (γ t ), t ∈ (−ǫ, ǫ) as above, such that Λ n γt ∈ S n + for all t, and let Ψ : (−ǫ, ǫ) × S n → M n the lift of (Λ n γt ), as defined in Remark 3.12. Then Ψ is horizontal if and only if
for all u, t.
Proof. We embed S 1 in S n by e : S 1 ֒→ S n , u → (sin(u), 0, . . . , 0, cos(u)).
Let ξ t denote the deformation vector field corresponding to Ψ at time t. It follows from Remark 3.12 and SO n (R) invariance of Ω that ξ t is intrinsically horizontal if and only if it is intrinsically horizontal on e(S 1 ). For p ∈ S 1 we have
Since the two n-tuples (dz 1 (ξ t (e(p))), . . . , dz n (ξ t (e(p)))) and
with no condition on γ. Hence, ξ t is intrinsically horizontal if and
is pure imaginary, which is equivalent to the desired condition, as shown by a direct calculation.
3.3. Real blowup. For our next constructions we shall use real blowups, which are described shortly below. We discuss only blowups of manifolds of dimension 2, as this is the only relevant case for our purposes.
with the projection
The exceptional divisor, E = π −1 (0), is just a copy of the real projective line, whereas the restriction of π to the complement of E,
We shall use polar coordinates to parametrizeD in the following manner. For any 0 < δ < 1 and a ∈ S 1 , define
Thus, X δ,a is a parametrization of
The composition of π with X δ,a is given by (r, θ) → (r cos θ, r sin θ).
The intersection of the exceptional divisor and U δ,a is given by
Any X δ,a as above will be called below a polar parametrization, and and by inverting the corresponding matrix anywhere outside the exceptional divisor we get
Recall the strict transform of a curve. Given a smooth curve c in D, that passes through the origin, the strict transform of c is given bỹ
If c does not pass through the origin, the strict transformc is nothing more than the inverse image of c under π. We will use the following well known facts later:
Lemma 3.15. 3.4. The horizontal foliation. Motivated by Proposition 3.14, we define a subbundle
and denote by F the foliation tangent to τ . Recall that a family (γ t ) induces a lift of the Lagrangian path (Λ n γt ) as in Remark 3.12. By Proposition 3.14, the induced lift is horizontal if and only if for any fixed u ∈ S 1 , u = 0, π the path (γ t (u)) is contained in a leaf of F . This relates F closely to horizontal lifts of paths of Lagrangian spheres, and eventually to the construction of geodesics. The problem, though, is that all the symmetric circles γ in discussion pass through points with z = 0, which are singularities of F . As it turns out, this problem is solved by using the real blowup.
Let q 1 = (0, ζ 1 ), . . . , q k = (0, ζ k ), denote all points in M 1 with z = 0, and letM 1 denote the manifold obtained by blowing M 1 up at q 1 , . . . , q k , with the projection π :
denote the respective exceptional divisors, and using polar coordinates, set for j = 1, . . . , k,
Note that Z j is well defined and does not depend on the choice of a polar parametrization over q j . Set Thus for every j there is an embedding
and without loss of generality we assume V j = ϕ j (D ǫ j ). For convenience, we would like to omit the ∂ ζ component when describing a vector field on V j , so we denotê
be a polar open subset with polar coordinates r, θ, as in Section 3.3. On V j \ {q j } the subbundle τ may be expressed by
Hence inside π(U) \ {q j } the leaves of F can be thought of as the trajectories of the nonvanishing vector field
Since f ′ (ζ) does not vanish in V j , the functions |f ′ (ζ)| and arg(f ′ (ζ))
are well defined and smooth in z. We writé
and rewrite (5) as
Pulling X back to U \ E j , we obtain from (2) dπ −1 (X) =ŕ cosθ cos θ∂ r −ŕ cosθ sin θ r ∂ θ +ŕ sinθ sin θ∂ r +ŕ sinθ cos θ r ∂ θ =ŕ cos(θ − θ)∂ r +ŕ r
and it follows that dπ −1 (X) can be extended smoothly to a vector fieldX which is defined on the whole of U. Note that along E j the coefficient of ∂ r inX vanishes. Hence,X is tangent to E j . The set of points whereX vanishes is exactly Z j , as defined in (4). We define the desiredF along U \Z j to be the foliation tangent toX. Note that up to multiplication by −1 the vector fieldX does not depend on the choice of the polar open subset U. HenceF is well defined alongM 1 \ H. It is tangent to every exceptional divisor E j since the corresponding vector fieldX is.
We show thatF possesses the required properties, beginning with (a). Let γ, u → (z(u), ζ(u)), be such that the Lagrangian Λ n γ is positive. By condition (b) of Lemma 3.9, (z
are not pure imaginary. Hence, by (4) we haveγ(0),γ(π) ∈ H, and γ does not pass through any singular point ofF . By condition (a) of Lemma 3.9, for any u = 0, π, the product ζ ′ (u) · z(u) n−2 is not pure imaginary. Hence γ ′ (u) ∈ τ (γ(u)), and γ is not tangent to any leaf of F . Sinceγ is the strict transform of γ, it intersects the exceptional divisors over γ(0), γ(π) transversally by Lemma 3.15, and so it is transverse to all leaves ofF . Conversely, assume that the strict transform γ does not pass through any singular point ofF and is not tangent to any of its leaves. Then the two conditions of Lemma 3.9 hold, and Λ n γ is positive.
We verify property (b). Let (γ t ) be such that Λ n γt ∈ S n + for all t. By construction, for a fixed u ∈ S 1 the strict transformγ t (u) is contained in a leaf ofF if and only if for every u = 0, π the path γ t (u) is contained in a leaf of F . As shown above, the latter is equivalent to (γ t ) inducing a horizontal lift.
The following definition makes sense in view of Proposition 3.16.
Definition 3.17. Let (γ t ) be a family of symmetric circles, such that for every t the Lagrangian sphere Λ n γt is positive. We say the family (γ t ) is horizontal if for a fixed u ∈ S 1 , the strict transformγ t (u) is contained in a leaf ofF . Proof. Let (β t ), t ∈ [0, 1], be a smooth family of symmetric circles such that β 0 = γ 0 and Λ n βt = Λ(t) for t ∈ [0, 1]. Denote by b t the image ofβ t insideM 1 . By Proposition 3.16, the circle b t is transverse toF for all t. It follows that for every t there is a unique section ξ t of the pullback bundleβ * t T b t , such that for every u ∈ S 1 the tangent vector
and note that (η t ) is a smooth family of vector fields on S 1 , which is O 1 (R) invariant. Let (ϕ t : S 1 → S 1 ) be the family of diffeomorphisms which satisfies
For every t, the diffeomorphism ϕ t is O 1 (R) equivariant. Define a family of embeddings (γ t :
Note that since ϕ 0 = id, the embeddingγ 0 obtained by this definition indeed coincides with the strict transform of the given symmetric circle γ 0 . Taking time derivative, we see that for a fixed u ∈ S
where by construction, the latter is tangent toF . Set γ t = π •γ t . Sincẽ γ t is O 1 (R) equivariant, every γ t is a symmetric circle. By the above calculations, the family (γ t ) satisfies the desired properties. Whenever discussing an open subset U which is uniquely projected onto γ, we will denote the projection in (c) by P , and refer to it as the projection of U. (a) The function h•P : U → R has a smooth corresponding pseudoHamiltonian vector field X, which is tangent toF .
(b) For any u 0 = 0, π and q ∈ l γ (u 0 ) ∩ U, the vector field X of (a) vanishes at q if and only if dh/du vanishes at u 0 . For
, the vector field X vanishes at q if and only if d 2 h/du 2 vanishes at 0 (or π).
Proof. We start with (a). Denote by E 0 , E π , the exceptional divisors over γ(0), γ(π), respectively. At any point in U \ (E 0 ∪ E π ), the form π * ω is nondegenerate. The function h • P | U \(E 0 ∪Eπ) thus has a corresponding Hamiltonian vector field X, and we need to show that X can be extended smoothly to the whole of U. 
We study the behavior of π * ω close to E 0 . For that, we first express ω close to γ(0) in terms of x and y, the real coordinates such that z = x + iy. Using our notation from the proof of Proposition 3.16,
(recall that close to γ(0) the coordinate ζ is a smooth function of z) and obtain ω = ψ(z)dx ∧ dy, (7) where ψ ≥ 1 is smooth and bounded near γ(0). Since the projection π is given by (r, θ) → (r cos θ, r sin θ), we have π * dx = cos θdr − r sin θdθ, π * dy = sin θdr + r cos θdθ, and π * dx ∧ dy = r(cos 2 θ + sin 2 θ)dr ∧ dθ = rdr ∧ dθ.
Substituting in (7) yields
Using (6) and (8), the equation
can be written as
which is equivalent, anywhere outside E 0 , to
Since the form ψ(z)dr ∧ dθ is nowhere degenerate, X can be extended smoothly uniquely to the whole of V ∩ U. Uniqueness implies that the extension is independent of V , thus well defined on E 0 ∩ U. Using the same argument for E π , we conclude the existence of the pseudoHamiltonian vector field. It is tangent toF as h • P is constant along each of its leaves.
We show (b). It follows from (9) that X = 0 if and only if χ = 0.
For q ∈ l γ (u 0 ) where u 0 = 0, π, the form χ vanishing at q is equivalent to d(h • P ) vanishing at q, hence to dh/du vanishing at u 0 (since P is a submersion). For q ∈ l γ (0) (or l γ (π)), the vanishing of χ at q is equivalent to d 2 h/du 2 vanishing at 0 (or π). (c) Let (α t ) be a smooth horizontal family of symmetric circles, such that for every t the image of the strict transformα t is contained in U. Assume α 0 = γ 0 , and that the Lagrangian path (Λ n αt ) is a geodesic with derivative
Then for every t we have α t = γ t .
Proof. We begin with (a). Since h 0 is invariant under the O n (R) action, it follows that We show (b). Since γ 0 is an embedding,γ 0 intersects the exceptional divisors (which will be referred to as E 0 , E π ) transversally, by Lemma 3.15. Since X is tangent to E 0 , E π , the embeddingγ t is transverse to the exceptional divisors for all t. Setting γ := π •γ we thus obtain a smooth family of embeddings (γ t : S 1 → M 1 ). Since Λ 
Note that for every t the function h t is O n (R) invariant as ϕ t is O n (R) equivariant. We show that the time derivative of Λ n γt is given by
and by that complete the proof. Recall the embedding I of Remark 3.13.
For some t and u = 0, π, let X 1 (γ t (u)), . . . , X n (γ t (u)) ∈ T I(γt(u)) Λ n γt as in Remark 3.8. Note that by construction we have
Hence,
Using this together with (10) and X corresponding to h 0
.
For j = 2, . . . , n, we have
where the left hand equality follows from h t being invariant under the O n (R) action, and the right hand one from Proposition 3.10. It follows from (11) and (12) that dΛ n γt /dt and dh t agree on I(Λ 1 γt ). By invariance under the SO n (R) action, the forms agree on the whole of Λ n γt . We prove (c). It is enough to show that the family (α t ) satisfies
for all t, u. Letã t ⊂M 1 stand for the image ofα t , and set
Let Ψ denote the lift of the Lagrangian path (Λ n αt ), induced by (α t ) as in Remark 3.12, and set
Since (Λ n αt ) is a geodesic, and the lift Ψ is horizontal (by Proposition 3.16), for every u, t, we have
Since both vectors X(α t (u)) and ∂α/∂t(t, u) are tangent toF , whereas the vector ∂α/∂u(t, u) is not, the above calculation verifies that
as stated.
Proof of Theorem 1.1. We show that for any smooth O n (R) invariant
The existence part of the theorem, as well as the promised equality of Remark 3.11, then follows from Proposition 3.10.
Let h 0 : Λ 0 → R be as stated above, let γ 0 be a symmetric circle with Λ n γ 0 = Λ 0 , and let g be any Riemannian metric onM
we use the notation l γ (u) as above. For δ > 0, denote by l γ (u, δ) the metric ball in l γ (u) of radius δ aroundγ 0 (u). Take δ so small that the following hold:
(a) The distance between the image ofγ 0 and H, the set of singular points ofF , is greater than δ.
Such a δ exists asγ 0 is transverse to all leaves ofF . For the same reason the set
is an open subset ofM 1 . Note that the projection P : U → Λ there is some ǫ > 0 such that for all u ∈ S 1 and 0 ≤ t ≤ ǫ we have
Thus we define the family (γ t : Definition 4.5. Let γ be a symmetric circle with Λ n γ ∈ S n + . We say thatF is cylindrical over γ if
Proposition 4.6. Let O ⊂ S n + be a Hamiltonian isotopy class, let Λ 0 , Λ 1 ∈ O, and let γ 0 a symmetric circle with Λ n γ 0 = Λ 0 . IfF is cylindrical over γ 0 , then there is a unique geodesic connecting Λ 0 and (13) and note that by assumption U projects uniquely onto γ 0 . By Lemma 3.18, since Λ 0 , Λ 1 are Hamiltonian isotopic in S n + , there is a smooth horizontal family of symmetric circles (β t ), t ∈ [0, 1], which satisfies
Note that for all u ∈ S 1 we haveβ 1 (u) ∈ l γ 0 (u), as (β t ) is horizontal.
Define a function k :
and let P : U → Λ 1 γ 0 as above. Proposition 4.3 implies that k • P has a corresponding nonvanishing pseudo-Hamiltonian vector field X along U. X is invariant under the O 1 (R) action, since k is.
Let x denote the flow of X, and define s :
Since X does not vanish and bothγ 0 ,β 1 , are transverse to the trajectories of X, it follows from the implicit function theorem that s is well defined and smooth. Furthermore, since X,γ 0 ,β 1 are invariant under the O 1 (R) action, so is s.
Define another vector field on U by
denote by y the flow of Y , and note that by definition of s
We show that there is a smooth O 1 (R) invariant h : Λ
Y is the pseudo-Hamiltonian vector field that corresponds to h • P . By direct calculation
Since both s and k are even functions of u, the function s · dk/du is odd. Hence, there is h : Λ
as desired. Reparametrizing if necessary, we may assume a = 1. Letĥ
By proposition 3.10,ĥ ′ is O n (R) invariant, and by By Proposition 4.4 (c), for every u ∈ S 1 we have
which can be written as
and note that
which yields
Putting (16), (19) and (18) together, for every u we have
For every u, the map Proof of Proposition 4.7. By Proposition 3.16, along an exceptional divisor E the foliationF is tangent to E, and has n singular points. Furthermore, for every symmetric circle γ, the strict transformγ intersects any exceptional divisor at most once. Thus it suffices to focus on leaves ofF outside the exceptional divisors inM 1 , or in other words, study the induced foliation F of M 1 \ {z = 0}. The projection
is a smooth covering map. Since the foliation F is invariant under the nontrivial deck transformation, it induces a well defined foliation of C \ {f = 0}, denoted by F . For a symmetric circle γ, denote by γ its image in C under (z, ζ) → ζ.
Note that ifγ is transverse toF , then γ is transverse to F . IfF has a closed leaf, then so does F . If a leaf ofF intersects the strict transform γ at two different points, then one of the following holds:
(a) The foliation F has a closed leaf.
(b) There is a leaf of F which intersects γ at two different points.
Hence, it is enough to show that the foliation F has no closed leaves, and that for every symmetric circle γ with Λ n γ positive, no leaf of F intersects γ at two different points.
Consider first the case n = 2. As follows directly from the construction, the leaves of F in this case are straight lines, parallel to the imaginary axis, and the proposition holds. Now let n ≥ 3. The following arguments are similar to those used by Shapere-Vafa in [14] . Assume that F has a closed leaf, parametrized by ζ : [0, 1] → C. By the theorem of the turning tangents, and reversing orientation if necessary, we assume ζ has turning number +1. Let z : [0, 1] → C be continuous and satisfy z 2 = f (ζ), and denote by w the winding number of z n−2 (which is a well defined half integer). Since
where the ζ j s are the roots of f , and ζ is parametrized counterclockwise, w is nonnegative. On the other hand, as follows from the construction of the foliation, the argument of (z(x)) n−2 ·ζ
Since the winding number of ζ ′ is equal to +1, it follows that w = −1, which leads to a contradiction, and so F has no closed leaves.
Let γ be a symmetric circle with Λ n γ positive, and assume there are two distinct points p, p ′ , on γ which share the same leaf of F , denoted by l. We may assume that l does not intersect γ at any point between p and p ′ , so γ and l form a simple loop which is smooth anywhere except p and p ′ . Parametrize this loop by α : [0, 1] → C, that goes from p to p ′ along γ and back to p along l. Switching the two points if needed, we also assume that α has turning number +1.
We claim that there is a zero of f inside α. Otherwise, its image is contained in a simply connected domain D, in which f has a holomorphic square root, z. It follows from holomorphicity and simply connectedness that
But along l the product (z(x)) n−2 · α ′ (x) is pure imaginary, whereas along γ it has a nonvanishing real part. The last equation is thus impossible, and indeed, there is at least one zero of f inside α.
Once again, let z : [0, 1] → C be continuous and satisfy
Let δ γ and δ l denote the changes in the argument of z n−2 along γ and l respectively. Similarly, let ∆ γ and ∆ l denote the changes in the argument of α ′ along γ and l respectively. The total change in the argument of α ′ , including the exterior angles at the two singular points, is +2π by the theorem of turning tangents. Since each singular point contributes less than π, we have
Since the argument of (z(x)) n−2 · α ′ (x) is constant along l, we have
Putting (22),(23) and (24) together yields δ γ + δ l < π, which means that the winding number of z is < 1/2. But since there is a zero of f inside α, (21) implies that z has a winding number ≥ 1/2, which leads to a contradiction.
4.4.
The metric on a Hamiltonian isotopy class. Let n ≥ 2, and let O ⊂ S n + be a Hamiltonian isotopy class. For Λ ∈ O, think of the tangent space T Λ S n as the set We show that ϕ Λ 0 ,Λ 1 is independent of the horizontal family (γ t ).
For that, think of M 1 as a submanifold of M n via the embedding I of The open subset U ⊂M 1 , defined in (13) , is the same for γ 0 , γ 1 .
Define two functions
as in (14) . Since l γ 0 (u) = l γ 1 (u) for every u, we have Proof of Theorem 1.4. Let Λ 0 ∈ O. We claim that for any Λ 1 ∈ O, the geodesic connecting Λ 0 and Λ 1 is length minimizing. This can be shown using the proof for the finite dimensional case given in [7, Section 3.3] .
In fact, it uses the following:
(a) The connection is metric and symmetric. 
